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=L f@)sina(x—1)dt =1[" f(¢)sin ax cos at dt = L[ * f(¢)cos ax sin at d
Talo- T alo alo

_sinax ¥ cosax X . dy
= .[Of(t)cosatdt— ” J‘Of(t)smatdt:a

= cos ax ( | g £(#)cos at dtj+ Si“a“” (% [ g £(t)cos at dtj+sin ax| ; f(®)sin at dr === (%IJ £ (t)sin at dtj
=cos ax.[gf(t)cos at dt +SinTax (f(x)cos ax) +sin ax.fgf(t) sin at df — <24 (f (x)sin ax)
2

— % =CoS axJ'; f(t)cos at dt +sin axJ-; f(¢)sin at dt. Next, Zx—f =
_ . X i X X . . i X .

asin axj.o f(t)cos at dt + (cos ax)(dx J-o f(t)cos at dt) +a cos axJ.O f(¢)sin at dt + (sin ax)(dx .[0 f(¢)sin at dt)
= —q sin ax.[g f(t)cos at dt + (cos ax) f(x)cos ax + a cos axjg f(¢) sin at dt + (sin ax) f(x) sin ax

. X X . " 2

=—a sin axJ'O f(¢) cos at dt +a cos axJ-0 f(¢)sin at dt + f(x). Therefore, y"+a”y
= acos ax| g J(0)sin at dt - asin ax| (;Cf(t) cos at df + f(x)+a> (% [ (;Cf(t) cos at df — 5% j £(t) sin at dt)

= f(x).Note also that y'(0) = »(0) = 0.

} —y from the chain rule

x:Iy 1 — d(x _LJ‘
0 1+ dx dx 1+4t 1+47 dx

\/1+4—2( ) MThen ( 144y ) ( 1+4y )(dy)

| 2712 ol ) ( e )
= 7(1 +4y ) 8y )( ) =4y. Thus 42 dx =4y, and the constant of proportionality

J1+4y? J1+4y?

is 4.

2 2

X X ] .

@ [ f@di=xcosmx=4[" f(t)di=cosmx—rxsinzx = f(x*)(2x) = cos 7x—wxsin 7x
:f(XZ):W Thus, xzzj‘f(4):w:%

(b) J‘f(x) 2 [t; ]f(x =%(f(x)) (f(x))3 :xcosmj(f(x)f rcosrm f(0) = PAroRT R
0
= (4 - i@ cosdn -T2

a 2 . a 2 .
jo f(x)dx =% +<sina+Zcosa. Let F(a):jo f(0) dt = f(a) = F'(a). Now F(a)=%-+%sin a+Z cos a

2 2 2 2
:>f(a)=F’(a)=a+isina+£cosa—lsina3f(£)— +1gin Z +Qcos ZginZ=Z4Ll_z_1
2 2 2 2 22 2 2 2 2 2 2 2 2 2

b b _ ¥
L f(x)dxz\/b2+1—\/§:>f(b)=%jl S dx=L®*+1) 1/2(219)=ﬁ:>f(x)=ﬁ
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Chapter 5 Integration

The derivative of the left side of the equation is: < [ [ Ox[ [ 0“ @) dt} du} = ;f(t) dt; the derivative of the

right side of the equation is: %U;f(u)(x—u) du} = %L:f(u) x di —% gu f(u)du
- %[x [or@ du}—% [qur@adu={] s du+x [% Jo r@ du}—xf(x) =[o f@) dusxfx)=x/(x)

= L;Cf (u) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0

when x = 0, the constant must be 0. Therefore, J‘;[J‘: 1@ dt:l du = L;C f(u)(x—u) du.

%:m2 +2=y =j(3x2 +2)dx =x° +2x+C. Then (1, 1) lies on the curve = 1° + 2(1) + C = -1
=>C=-A4=y=x>+2x—4

The acceleration due to gravity downward is 32 ft/sec? = v = _f—32 dt = =32t +v,, where v, is the initial
velocity > v=-32t+32 => s = I(—32t +32)dt = —16¢% +32¢ + C. If the release point, atz =0, is s = 0, then

C=0=s=—16t>+32¢. Then s = 17 =17 = =161 +32¢ = 161> =321 +17 = 0. The discriminant of this
quadratic equation is —64 which says there is no real time when s =17 ft. You had better duck.

J‘_38f(x) dx = .[i)g x*Bdx + .[(? —4 dx

0
_[3.53 4B
—[Sx Lg+[ 4xP

- (0—%(—8)5/3)+(—4(3)—0) =% _12-38

5
3 0 3,
j_4f(x) dx=j_4\/—x dx+j0 (x —4) dx

3] [2u]

- [0—(—§(4)3/2)}+[(§—4(3))—0} 1631
_fjg(t) dt = .[;z dt+j12sin ot dt

= |:%:|; +|:—%COS ﬂ't:|12

= (%—O)+[—% cos 27r—(—%c0s7r)} =%—%

_[02 h(z) dz = J-;\/: dz +J-12 (7z —6)_1/3 dz

[-2a-2"? }:} | F -6 f

- [—%(1 12 —(—%(1—0)3/2)}
HF0@-6-Z0m-6" |

_2.(6_3)_55
_3+(7 14)
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_f_22f(x) dx=j:21dx+jil(l—x2)dx+.[122 dx
=[x +[x—x—;]l_l +[2x
= (-1-(-2)) +[(1-§)-(-1-%ﬂ +[22)-2)]

Ave. value =71 jf(x)dx—zoj £ dx =1 [I;xdx+jlz(x—l)dx}=%[%]l +%[§—x}2
-o)fr-2)- (1))

b 3 1 2 3
Ave. value =ﬁj‘af(x)dx=3—ioj.0f(x) dx =%[J.de+.|.l de+J.2dx} =1[1-0+0+3-2]=2

lim j dx— lim [sin™ 1x]o = lim (sin™ 'p—sin~ O) = lim (sm_lb 0)= lim sin™ Tp=

bl b1 b1™ b1" b1™ 2

-1
tan~ tdt
lim 1.[ tan"'rdt = lim I— (ﬁ form)
x>0 x>0 *®
= lim tan~' x _
X—>0 2

1 1 1 1 1 ; ;
}}gr:o(n+l+m+...+ﬁ)_nh_r)r;o( { :| - { :| +(;)[WD which can be interpreted as a

Riemann sum with partitioning Ax = % ( T+ 12 +- +2—1n) -[0 Tor dx =[In(1+ x)]o =In2

lim n[ Un L2 4ve]= lim [(%) &M +(%)e2(1/") +- +( ) "(1/")] which can be interpreted as a
n—oo n—»oo

. . e . 1
Riemann sum with partitioning Ax = 1 = lim n[ Un L2 4ite] = .[0 edx =[e* ]%) =e-1
n—»o

Let f(x) = x> on [0, 1]. Partition [0, 1] into # subintervals with Ax = % =1 Then

I =
= o

, ..,% are the right-hand

>

n
© 5
endpoints of the subintervals. Since f'is increasing on [0, 1], U = Z (%) (%) is the upper sum for f(x) = x> on

=
[0, l]:)nh_rgo.zl( )5( )_rllggo”[(’lf)5+(%)5++(%)5}:,}Eﬁo[15+25ﬂ++’15} =I;x5dx=[%]; -1
j
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Let f(x) = x> on [0, 1]. Partition [0, 1] into # subintervals with Ax = % = % Then

I =

%,. . ,% are the right-hand

>

X \3
endpoints of the subintervals. Since fis increasing on [0, 1], U = Z (%) (%) is the upper sum for f(x) = x> on
j=1

0.0 tim (2] (1) = i A3 0o 2 - pim [P < =[] -4

n—»oo 0

Let y = f(x) on[O0, 1]. Partition [0, 1] into »n subintervals with Ax = =0_ % Then%

0

endpoints of the subintervals. Since f'is continuous on [0, 1], Z f (
j=1

[0,1]= lim Z f(%)(%)=nli_r)r;%[f(%)+f(%)+...+f(%)} =j;f(x) dx

n—>0 -

(@ lim L[2+4+6+...+2n]= lim —[2+4+6+ 42 ] jzxdx [x2]h =1, where f(x) =2x on[0, 1]

n—ow N n—o
(see Exercise 21)
S I CES 15 _ o 1| (1) L (2)° PAR B s

() fim (194254 b ]—nh_r)xzon[(n) +(2)7 (1) _jo dv =| 2 =g where
f(x)= x'3 on [0, 1] (see Exercise 21)

(¢) lim —[sm +s1n2—”+ +sm—]—J‘lsinmrdx—[—icosch ———cosn—(——cosO)—— where
oo 1! “Jo - T 0o T T
f(x)=sinzx on[0, 1] (see Exercise 21)

1
(d) lim %[115+215+...+n15J=(1im l)(lim %[115+215+...+n15]j =(1im ljj‘oxwdx=0(%)=0

n—o0 N n—o " J\noswo n n—o
(see part (b) above)
(e) lim %[115 4215 +...+n15} = lim 2 [1%+25 4 1'%
n—oo n n—oo H
1
=( lim n)( lim %[115 +21 +...+n15]) =( lim n).[ xPdx = (see part (b) above)
n—»0 n—oo N n—>owo 0

(a) Let the polygon be inscribed in a circle of radius 7. If we draw a radius from the center of the circle (and
the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal
to r, the radius of the circle) and a vertex angle of 6, where 8, = 27” The area of each triangle is

2 2
4, = %rz sin 6, = the area of the polygon is 4 = nd,, = #-sin6, =45-sin 27”

2z (27

2 sin sm| =

(b) lim A= lim w2 G 22 = fim 222 Gin 27 — iy (77'}’2)—2( : ) =(ﬂr2) lim 2( X ) = 1
n—0 n—>0 T opow 7 " oposw (77) 27/ n—> ( ”)

Partition [0, 1] into n subintervals, each of length Ax = 1 w1th the points x, =0, x| = 2

1 = —n_
X2 T X . 1.
1
n

2
The inscribed rectangles so determined have areas f (xo) Ax = (0) Ax, f(x)Ax = ( ) Ax,

2)? n=1)? :
f(xy) Ax = (—) Ax,..., f(x,_1) = (7) Ax. The sum of these areas is

n
(02 2 (2)? -1)2 (2, 22 (-0 \1 _ 12, 2% (nl)
S, (O (n) +(n) +. +( ) Ax = n2+n2+...+ - n—n3+n3+... S . Then

—1)? 1
lim 8, = lim (i+i+...+%)=jox2dx=ﬁ=l.

n—0 Nn—»0 n3 I’l3 n 3 3
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1
@ gW)=[ f()di=0
) @)= 1y di=-1@m=-1

-1 ! 1(n2
© gC-D=[ f@Oydi=~[_ f@)dt=-5(x2")=~
(d) g'(x)=f(x)=0=x=-3,1,3 and the sign chart for g'(x) = f(x)is | +++|———]| +++.Soghasa

-3 1 3
relative maximum at x =1.

-1
(e) g'(-1)= f(-1)=2is the slope and g(-1)= L f()dt =—r, by (c). Thus the equation is y+ 7 = 2(x +1)

=>y=2x+2-7.

(f) g"(x)=f"'(x)=0atx=—1and g"(x) = f'(x) is negative on (-3, —1) and positive on (-1, 1) so there is an
inflection point for g at x = —1. We notice that g"(x) = f'(x) < 0 for x on (-1, 2) and g"(x) = f'(x) > 0 for x
on (2, 4), even though g"(2) does not exist, g has a tangent line at x = 2, so there is an inflection point at
x=2.

(g) gis continuous on[-3, 4] and so it attains its absolute maximum and minimum values on this interval. We

saw in (d) that g'(x) =0 => x = =3,1,3. We have that g(-3)= | 1_3 f@t)dt = —j; f@t)di = —”722 - 27
)= @0y di=0

g®)=[ rydi=-

g(4)=j14f(t) dt=-1+1.1.1=-1

Thus, the absolute minimum is —27 and the absolute maximum is 0. Thus, the range is [-27, 0].

y=sinx+.|.”cos 2tdt+1=sinx—J.::cos 2t dt +1= y' = cos x —cos(2x); when x = 7 we have
X
y' =cosr—cos(2r) =—1-1=-2. And y" = —sinx +2sin(2x); when x = 7, y =sin 7 +
[Teos2tdi+1=0+0+1=1.
1 _ dx 1 d (1 _1 1)_1,1_2
fe=[) b= 1) = ‘(a)‘(j)(a(;))—;‘x(‘x—z)—#;—;
1 d (o _ 1 d _ _cosx sinx _ _ 1 1
f= -[ dt:f(x) ( nx)(dx(smx)) (l—coszx)(dx(COSX))_coszx+sin2x_COSX+Sinx
( )—J‘z\/;sint2 dt =g'(y)= sin(zf)z (i( \/7)) s1n(\/7)2 (i(\/’))_Sin“Y_Siny
=] r gy = v) o4 s\
2 2 2 2
_[e (=€ d 2yl d _4e” ol a0l
g0 =[ =g 0= d 0N - Hr)=5 —(29)- ( AR TR T
y:J‘ andtz (ln\/_zj'%(x )— (ln\/g) %(%) 2xln|x| xln||
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3
36. y:jj_flntdt

= (W3 {30 () = (045 3277 () 1)~

1
37. jonxsine’dt:y'z(sme )L (Inx) =4

38, y:jjff lntdt:>y'=(lne2x)~%(ezx)—(lne4*/—) ( 4\F) (2x)(2e2x)_(4\/;)(64\/;).%(4\/;)
= 4xe** —4\/;e4\/; (%) — 4xe?¥ —geMY

x+3
39. f(x):jx t(S—t)dt:>f'(x):(x+3)(5—(x+3))(%(x+3))—x(5—x)(%):(x+3)(2—x)—x(5—x)

=6-x—x>—5x+x> =6—6x.Thus f'(x)=0=6—6x=0=x=1. Also, f"(x)=—6<0=> x =1 gives
a maximum.

40. Inx®™) =x"Inx and In(x*)* =xInx* =x*Inx; then x*Inx=x’Inx= (x* —x*)Inx=0=x* =x° or

Inx=0.Inx=0=x=1; x* =x% = xInx=2Inx = x = 2. Therefore, ** ) = (x*)* whenx=2orx= I.

41. Al:jem%dxzifudx:[anxf]e:L,

42. (@) =2t =

_(2me 4 _
(b f(0)= [ 2nLtdi=0
() %zbczf(x):xz+C;f(0):0:>C:0:> f(x)=x2 = the graph of f{x) is a parabola.

2

B (=80 = (1) = Wg'(), where g'(x)=— = (%)%

1. _ 1. _ S .
44. The area of the blue shaded region is J'o sin”! xdx = J-o sin”! ydy, which is the same as the area of the region to
the left of the curve y = sin x (and part of the rectangle formed by the coordinate axes and dashed lines y = 1,

. 1, _ /2 .
x= %) The area of the rectangle is % = .[0 sin”! ydy+ J-o sinx dx, so we have

1. _ /2 . /2 . 1. _
£=_|' sin 1xdx+.|. s1nxdx:J. s1nxdx=£—J- sin! xdx.
2 0 0 0 2 Jo

1
a

<

45. (a) slope of Ly <slope of L, < slope of [; : < lng —Ing

(b) area of small (shaded) rectangle < arca under curve < area of large rectangle

b(b a)<.|‘ Lax <L —(b- a)=1 <lnf) Ln“<%
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46. (a) Iffis continuously differentiable on [a, b], then so is the function g(x)=(x—c)f(x). So the two
integrals on the right side exist and
c b b
[[x=of@de+ [ (x=e)f(x)dx = [ (x=c)f(x)dx
a C a
b b b b
=j xf(x)dx—j ¢ f(x)dx :j xf(x)dx—c(O):j x f(x)dx
a a a a

( (
(b) Split the right side in part (a) into two integrals and write it as — J' 0 tf(c—-t)dt+ J. 0 tf(c+t)dt. Forthe

first integral above, use the substitution ¢t =c—x, = x =c—¢, df = —dx; when t =0, x = ¢ and when

t=(=(b-a)/2,x=(a+b)/2—(b—a)/2=a. (Note that when x is in [a, c], c—x is positive and thus
.. . ( 0 c c

c—x agrees in sign with #.) — j J1f(e=n)dt = j 1/ (e=1)di = j —(x—¢) f(x)(=dx) = j (x—c) f(x)dx.
4 a a

Thus the first integral above is equal to J.c (x—c)f(x)dx. For the second integral above, use the
a

substitution t=x—c,=>c+t=x and df=dx; when t=0,x=c and when t=(=(b—-a)/2,

x=(b—a)/2+(a+b)/2=>b. Thus the second integral above is equal to Lb (x—c¢)f(x)dx and
Ijxf(x)dx = [*(x-o)f () +jcb(x — o) f(x)dx = _[(ftf(c +z)dr—j(fzf(c —tydt

=J'(ft(f(c+t)—f(c—t))dt.

(c) According to the mean value theorem of Section 4.2, for every ¢ in (0, f), there is a point in ¢ in

(c—t,c +t) at which St =fle=D) = St =fle=D) = f"(g). Since for all these ¢ belonging to

(c+t)—(c—1?) 2t
each #, we have f'(q)<M, f(c+t)—f(c—t)<2tM forallzin (0, (). Thus
b ¢ ( 2 =2 (h—q)?
“axf(x)dx =“0r(f(c+t)—f(c—r))dt sjo (t)(2tM):§Mt3L =M
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